Abstract. The t-existentially closed (t-e.c.) property and pseudorandom property are properties which random graphs asymptotically almost surely satisfy. In this note, by constructing explicit infinite families of graphs without probabilistic arguments, we show that the t-e.c. property does not necessarily imply the best possible pseudo-random property. We also discuss the relation between t-e.c. graphs and expander graphs.
Introduction
Erdős-Rényi random graphs (or random graphs) are graphs on the vertex set {1, 2, . . . , n} which can be obtained by choosing edges independently with probability p (for details, see e.g. [8, Chapter 11] ). The probability p is called edge probability. For a property P, we say that random graphs asymptotically almost surely (a.a.s) satisfy P if the probability of the event that graphs satisfy P tends to 1 when n goes to infinity. In graph theory, the properties which random graphs a.a.s. satisfy have been investigated. In this note, we deal with two such properties, namely, the t-existentially closed (t-e.c.) property and best pseudo-random property. The t-e.c. property is defined as a prescribed adjacency property for each positive integer t. And graphs satisfying the best pseudo-random property are best possible, in the sense of the description in Krivelevich-Sudakov [11, Section 2.2], among pseudo-random graphs. We give the definitions in Section 2.
There seem to be many constructions of the best pseudo-random graphs which are not t-e.c. graphs. In fact, Cameron-Stark [6] described graphs which are best pseudo-random but not t-e.c. for any t ≥ 4, which implies that the best pseudo-random graphs are not necessarily t-e.c. graphs. On the other hand, there seem only few explicit constructions (without probabilistic arguments) of infinite families of t-e.c. graphs. And known infinite families of t-e.c. graphs are also best pseudo-random or quite unclear whether they are best pseudo-random or not. (see e.g. [4] ). For example, Paley graphs of sufficiently large order are t-e.c. for each t ≥ 1 (see [3] ) and they are also the best pseudo-random graphs (see e.g. [11, Section 2.5]). Now it seems natural to consider the following question. Problem 1.1. For each t ≥ 1, are there t-e.c. graphs which are not the best pseudo-random graphs?
In this note, by giving an explicit construction, we prove that the answer is "Yes" for any t ≥ 1. The rest of this note is organized as follows. In Section 2, we give the definitions of the t-e.c. property and best pseudo-random property. In Section 3, we construct infinite families of t-e.c. graphs which are not best pseudo-random for every t ≥ 1 without probabilistic arguments. Here we develop the method applied for Paley graphs by combining some elementary number-theoretic observations. In Section 4, based on our construction, we discuss the relation between t-e.c. graphs and expander graphs which are closely related to the best pseudo-random graphs.
The t-e.c. property and best pseudo-random property
In this section, we give the definitions of the t-e.c. property and best pseudo-random property and introduce some related facts. Let t be a positive integer. A graph is called a t-existentially closed (t-e.c.) graph if for any two disjoint subsets of vertex set, say A and B, satisfying |A ∪ B| = t, there exists a vertex z / ∈ A ∪ B such that z is adjacent to all vertices of A but no vertices of B. Here A or B may be empty set. We also call this adjacency property the t-e.c. property. This property was originally come from a result in Erdős-Rényi [9] showing the characteristic property of the countable random graph (see [5] ). And a simple probabilistic argument shows that random graphs with constant edge probability a.a.s. satisfy the t-e.c. property for any t ≥ 1 (see e.g. [4] ). As noted in Blass-Harary [2] , the t-e.c. property gives much information of random graphs, for example, diameter and connectivity.
Let
This notion was defined by Thomason [15] and [16] . In this note, we deal with the following property as the best possible property among jumbled graphs (for details and background, see [11, Section 2.2]). We call graphs with n vertices the best pseudo-random graphs if they are (p(n), α)-jumbled and α = O n · p(n) as n → ∞, where e(U ) is the number of edges of the subgraph induced by U . We also call this property the best pseudorandom property. And, as noted in [11, Section 2.2], random graphs with edge probability p = p(n) a.a.s. satisfy the best pseudo-random property.
This property also provides some non-trivial estimations of, for example, independence number and connectivity (see [11] ).
We note that, for regular graphs, the best pseudo-random property can be described by using the eigenvalues of its adjacency matrix. Here the adjacency matrix of a graph on the vertex set {1, 2, . . . , n} is the (0, 1)-square matrix of order n such that the (i, j)-entry is 1 if and only if i and j are adjacent. Let G be a d(n)-regular graph with n vertices and suppose that d(n) = λ 1 ≥ λ 2 ≥ · · · ≥ λ n are eigenvalues of its adjacency matrix. And let λ(G) = max{λ 2 , −λ n }. Then, the expander-mixing lemma (see e.g. [ 
Roughly speaking, this implies that the best pseudo-random d(n)-regular graphs behave like random graphs with edge probability [11, Section 2.4] . Thus the best pseudorandom regular graphs are best possible up to constant in the sense of graph eigenvalues.
An explicit construction
In this section, we construct infinite families of t-e.c. graphs which do not have the best pseudo-random property. Let q ≡ 1 (mod 4) be a prime and e ≥ 1 be an odd integer. We construct Cayley graphs over the additive group of the residue ring Z q e := Z/q e Z as follows.
Definition 3.1. The graph G q e is the graph with vertex set Z q e and edge set {{x, y} | χ q e (x − y) = 1}, where χ q e (x) := ( Since q satisfies q ≡ 1 (mod 4), G q e is well-defined. And when e = 1, the graph G q is the Paley graphs with q vertices. Moreover, by the following proposition, we see that G q e is a special case of quadratic unitary Cayley graphs defined by Liu-Zhou [12] . Proposition 3.2. G q e is the Cayley graphs defined by the set of non-zero unit squares S := {u 2 | u ∈ Z * q e } where Z * q e is the multiplicative group of Z q e . That is, two distinct vertices x and y are adjacent in G q e if and only if x − y ∈ S.
Proof. By the definition of G q e , two distinct vertices x and y are adjacent in G q e if and only if χ q e (x − y) = 1. Since e is odd, χ q e (x − y) = 1 if and only if ( (1) G q e has q e vertices.
(2) G q e is a (q e − q e−1 )/2-regular graph.
Proof.
(1) is directly obtained from Definition 3.1. We prove (2) . By Proposition 3.2, we see that G q e is |S|-regular and so we shall compute the size of S. Note that Z * q e is the cyclic group of order ϕ(q e ) = q e − q e−1 where ϕ is the Euler's totient function. Let x be a generator of Z * q e . Clearly, S = {x 2a | 1 ≤ a ≤ (q e − q e−1 )/2}, completing the proof.
The following theorem is our main result. Theorem 3.4. For every t ≥ 1, G q e is t-e.c. if q and e satisfy q e − (t2
To prove the Theorem 3.4, we apply for the method used in [3] . Based on their discussion, we shall prove that
for all disjoint subsets A, B ⊂ Z q e such that |A ∪ B| = t if (3.1) holds. Here Z A,B is the set of elements z such that z − c = qv for some c ∈ A ∪ B and v ∈ Z q e . Remark that, in the range of z in the first sum, we must exclude the elements of Z A,B since, if z − c = qv for some c ∈ A ∪ B and v ∈ Z q e , then z cannot satisfy the definition of the t-e.c. property. In fact, if so, from the definition of χ q e , z cannot be adjacent to any c ∈ A ∪ B in G q e . Now let Note that, in the range of z in the first sum, the set A ∪ B is added. To obtain (3.2), we shall obtain a lower bound of g(A, B). To explain why, let
Then we can easily see that
And we also see that
. So, by combining that lower bound of g(A, B), (3.3) and (3.4), we will get (3.2). To get a lower bound of g (A, B) , at first, we give the following character sum estimation over Z q e by combining a known character sum estimation and elementary numbertheoretic observations. Lemma 3.5. Let k ≥ 1 be a integer and a 1 , a 2 , . . . , a k be distinct elements of Z q e . Then,
Proof of Lemma 3.5. We shall prove that
since we can use the following Burgess's estimation (see e.g. [13, Chapter II.2]);
First, χ q e is a Dirichlet character modulo q e of conductor q, that is, χ q e (x) = χ q e (y) whenever x ≡ y (mod q). So χ q e can be regarded as the primitive Dirichlet character χ q modulo q. Next observe that, for any x ∈ Z q e , there uniquely exist a 0 , a 1 , . . . , a e−1 ∈ Z q such that x = a 0 + a 1 q + a 2 q 2 + · · · + a e−1 q e−1 . Therefore, for any a ∈ Z q , there are q e−1 elements x ∈ Z q e such that χ q e (x) = χ q e (a), completing the proof. Now we can get the following lower bound of g (A, B) .
Proof of Lemma 3.6. First, we obtain that (3.9) z∈Z q e \Z * A,B 1 ≥ q e − tq e−1 + t since |Z A,B | ≤ t(q e − φ(q e )) = tq e−1 and Z q e \ Z * A,B contains A ∪ B. Now let A ∪ B = {c 1 , c 2 , . . . , c t }. From the definition of g(A, B) and the triangle inequality, we see that For each 1 ≤ k ≤ t and 1 ≤ i 1 < i 2 < · · · < i k ≤ t, we obtain (3.11)
In fact, we get (3.11) since
and from Lemma 3.5 and the fact that |Z * A,B | = |Z A,B | − |A ∪ B| ≤ tq e−1 − t. Thus, by (3.10) and (3.11),
By (3.9) and (3.12), we get (3.8).
Now we are ready to prove the theorem.
Proof of Theorem 3.4. By combining Lemma 3.6, (3.3) and (3.4),
≥ q e − (t2
Thus (3.2) holds if (3.1) is satisfied.
On the other hand, for each e ≥ 3, the following result by Liu-Zhou [12] shows that G q e is not best pseudo-random when q → ∞.
Theorem 3.7 (Liu-Zhou [12] ). The eigenvalues of the adjacency matrix of G q e are q e − q e−1 2 ,
2 .
Especially,
We remark that a slightly weaker statement also can be obtained by estimating the quadratic Gauss sum over Z q e .
At last, we note that Chung-Graham-Wilson [7] showed the mutually equivalence of some properties which random graphs a.a.s. satisfy. Such properties are simply called the quasi-random property. Proposition 3.3 and Theorem 3.7 show that the graph G q e also shares the quasi-random property.
A remark on t-e.c. graphs and expander graphs
In this section, we discuss the relation between t-e.c. graphs and expander graphs. Here we define expander graphs following the manner in [10] . For a graph G = (V, E), the edge expansion ratio h(G) is defined by
Here ∂(Y ) is the set of edges e ∈ E such that one end is in Y and another end is in V \ Y . A graph G is called a expander graph if h(G) ≥ ε holds for some ε > 0. We may say that expander graphs satisfying h(G) ≥ ε for large ε are "highly connected". For d(n)-regular graphs G on n vertices, the Cheeger type inequality shows that h(G) ≥ (d(n) − λ 2 )/2 (see e.g. [10] ). So regular graphs whose the spectral gap d(n) − λ 2 is large (or equivalently λ 2 is small) will be good expander graphs. Especially the best pseudo-random regular graphs form very good expander graphs in the above sense (see also [1, Chapter 9] , [14] ).
On the other hand, t-e.c. graphs are connected from the definition and moreover, as shown in [2, Corollary 14], they are ⌊t/2⌋-(vertex and edge)-connected. Thus, expander regular graphs with large spectral gap and t-e.c. graphs for large t possibly have "high connectivity".
However Theorem 3.4 and 3.7 show that there exist infinite families of t-e.c. graphs which are not the best pseudo-random graphs for all t ≥ 1. Moreover, for each e ≥ 3, λ 2 of G p e is greater than the order of √ degree. Thus we see that for any t, t-e.c. graphs do not necessarily ensure that they are the expander graphs with the largest spectral gap (up to constant).
